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問題

　 f(x) が n 次の多項式で n ≧ 2 であるとき，

f(x) + f(x+ 1)− 2

∫ 1

0

f(x+ t) dt

は n− 2 次であることを示せ．

解答

f(x) = axn + bxn−1 + cxn−2 + g(x)(a ̸= 0, g(x)は n− 3次以下の多項式)

とすると

∫ 1

0

f(x+ t) dt =

∫ x+1

x

f(x) dx

=

∫ x+1

x

axn + bxn−1 + cxn−2 + g(x) dx

=

[
a

n+ 1
xn+1 +

b

n
xn +

c

n− 1
xn−1

]x+1

x

+

∫ x+1

x

g(x) dx

=
a

n+ 1
(x+ 1)n+1 +

b

n
(x+ 1)n +

c

n− 1
(x+ 1)n−1

−(
a

n+ 1
xn+1 +

b

n
xn +

c

n− 1
xn−1)

+

∫ x+1

x

g(x) dx

=
a

n+ 1
((x+ 1)n+1 − xn+1)

+
b

n
((x+ 1)n − xn)

+
c

n− 1
((x+ 1)n−1 − xn−1)

+

∫ x+1

x

g(x) dx

((x+ 1)n − xn) = xn +

(
1

n

)
xn +

(
2

n

)
xn−1 +

(
3

n

)
xn−2

+ · · ·+
(
n− 1

n

)
x+ 1− xn

=

(
1

n

)
xn−1 +

(
2

n

)
xn−2 +

(
3

n

)
xn−3

+ · · ·+
(
n− 1

n

)
x+ 1

= nxn−1 +
n(n− 1)

2
xn−2 +

n(n− 1)(n− 2)

6
xn−3 + · · ·+ nx+ 1

= nxn−1 +
n(n− 1)

2
xn−2 + hn(x)

hn(x) =
n(n− 1)(n− 2)

6
xn−3 + · · ·+ nx+ 1とする。
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より

a

n+ 1
((x+ 1)n+1 − xn+1) +

b

n
((x+ 1)n − xn) +

c

n− 1
((x+ 1)n−1 − xn−1) +

∫ x+1

x

g(x) dx

=
a

n+ 1
((n+ 1)xn +

(n+ 1)n

2
xn−1 + hn+1)

+
b

n
(nxn−1 +

n(n− 1)

2
xn−2 + hn)

+
c

n− 1
((n− 1)xn−2 +

(n− 1)(n− 2)

2
xn−3 + hn−1)

+

∫ x+1

x

g(x) dx

= axn + a
n

2
xn−1 + a

1

n+ 1
hn+1

+bxn−1 + b
(n− 1)

2
xn−2 + b

1

n
hn

+cxn−2 + c
(n− 2)

2
xn−3 + c

1

n− 1
hn−1

+

∫ x+1

x

g(x) dx

= axn

+a
n

2
xn−1 + bxn−1

+b
(n− 1)

2
xn−2 + cxn−2

+c
(n− 2)

2
xn−3

+a
1

n+ 1
hn+1 + b

1

n
hn + c

1

n− 1
hn−1

+

∫ x+1

x

g(x) dx

= axn

+(a
n

2
+ b)xn−1

+(b
(n− 1)

2
+ c)xn−2

+c
(n− 2)

2
xn−3

+a
1

n+ 1
hn+1 + b

1

n
hn + c

1

n− 1
hn−1

+

∫ x+1

x

g(x) dx
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((x+ 1)n + xn) = xn +

(
1

n

)
xn +

(
2

n

)
xn−1 +

(
3

n

)
xn−2

+ · · ·+
(
n− 1

n

)
x+ 1 + xn

= 2xn +

(
1

n

)
xn−1 +

(
2

n

)
xn−2 +

(
3

n

)
xn−3

+ · · ·+
(
n− 1

n

)
x+ 1

= 2xn + nxn−1 +
n(n− 1)

2
xn−2 +

n(n− 1)(n− 2)

6
xn−3 + · · ·+ nx+ 1

= 2xn + nxn−1 +
n(n− 1)

2
xn−2 + hn(x)

hn(x) =
n(n− 1)(n− 2)

6
xn−3 + · · ·+ nx+ 1とする。

f(x) + f(x+ 1) = axn + bxn−1 + cxn−2 + g(x) + a(x− 1)n + b(x+ 1)n−1 + c(x+ 1)n−2 + g(x+ 1)

= +a((x− 1)n + xn) + b(xn−1 + (x+ 1)n−1) + c(xn−2 + (x+ 1)n−2) + g(x) + g(x+ 1)

= +a(2xn + nxn−1 +
n(n− 1)

2
xn−2 + hn(x))

+b(2xn−1 + nxn−2 +
(n− 1)(n− 2)

2
xn−3 + hn−1(x))

+c(2xn−2 + nxn−3 +
(n− 2)(n− 3)

2
xn−4 + hn−2(x))

+g(x) + g(x) + g(x+ 1)

= +2axn + anxn−1 + a
n(n− 1)

2
xn−2 + ahn(x)

+2bxn−1 + b(n− 1)xn−2 + b
(n− 1)(n− 2)

2
xn−3 + bhn−1(x)

+2cxn−2 + c(n− 2)xn−3 + c
(n− 2)(n− 3)

2
xn−4 + chn−2(x)

+g(x) + g(x+ 1)

= +2axn

+anxn−1 + 2bxn−1

+a
n(n− 1)

2
xn−2 + b(n− 1)xn−2 + 2cxn−2

+b
(n− 1)(n− 2)

2
xn−3 + c(n− 2)xn−3 + c

(n− 2)(n− 3)

2
xn−4 + ahn(x) + bhn−1(x) + chn−2(x)

+g(x) + g(x+ 1)

= +2axn

+(an+ 2b)xn−1

+(a
n(n− 1)

2
+ b(n− 1) + 2c)xn−2

+b
(n− 1)(n− 2)

2
xn−3 + c(n− 2)xn−3 + c

(n− 2)(n− 3)

2
xn−4 + ahn(x) + bhn−1(x) + chn−2(x)

+g(x) + g(x+ 1)

g(x),
∫ x+1

x
g(x) dtの係数は n− 3次以下なので

f(x) + f(x+ 1)の

n次の係数は 2a

n− 1次の係数は an+ 2b
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n− 2次の係数は a
n(n− 1)

2
+ b(n− 1) + 2c∫ 1

0
f(x+ t) dtの

n次の係数は a

n− 1次の係数は a
n

2
+ b

n− 2次の係数は (b
(n− 1)

2
+ c)

となり

f(x) + f(x+ 1)− 2
∫ 1

0
f(x+ t) dtの

n次の係数は 2a− 2a = 0

n− 1次の係数は an+ 2b− 2(a
n

2
+ b) = 0

n− 2次の係数は a
n(n− 1)

2
+ b(n− 1) + 2c− 2(b

(n− 1)

2
+ c) = a

n(n− 1)

2
となり

a ̸= 0, n ≧ 2なので n− 2次の係数は 0ではない

よって f(x) + f(x+ 1)− 2
∫ 1

0
f(x+ t) dtは n− 2次

証明終了
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